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OA—-1 Proofs for the Deterministic Example

Proposition 1. Suppose that the probability distribution of the observed quantity is given by (6)
with d < ¢, and that forecasts are made according to (7). Then LF*1 < LF for all k. Furthermore,
there exists a k* such that L =0 and X7 =0 for all j > k*.

Proof. Note that
XM = (e~ IMTF < [d-(e— LM < IR, (0A-1)

In view of (7), we see that H*+1(z) > H*(z) for all # > X**! such that H*(z) < 1, and H*1(z) =
1 for all z > X*+1 such that H*(z) = 1. Therefore, LF*! < L* by (5), so the first part of the
proposition is proved.

Let € :== ¢ — d > 0. Notice that if L/ > ¢ then X! < I/ — ¢ by (OA-1). Moreover, (OA-1)
also implies that if 0 < L7 < ¢, then X7*! = 0. Since we have already shown that the sequence of
protection levels is non-increasing, it follows that if k is such that L* > ¢, then X! < L* — ¢ for
all j > k.

Define

K o= min{j>kz : ?ﬁk(Lk—e)—i—j];,k>'y}. (OA-2)
Observe that k' < oo, because v < 1. By (OA-2), we have that ﬁk/(Lk — &) > . Therefore, if
z € (H¥)~1(5) then z < LF — . Since L¥ e (H*)~1(y), it follows that LF < L¥ —¢.

Suppose now that 0 < L*¥ < . Then, (OA-1) implies that X k+1 —= 0. An argument similar

to that used above shows that there exists a k* > k such that L¥* = 0. Since the sequence of

protection levels is non-increasing, the second part of the proposition follows. O

Proposition 2. Suppose that the probability distribution of the observed quantity is given by (6)
with d > ¢, and that forecasts are made according to (7). Suppose that L° € [0,c]. Then LF*' > Lk
for all k. Furthermore, there exists a k° such that LY = d and X7 = d for all j > k°.

Proof. For the first part of the proposition, suppose that L* € [0, ¢]. Note that

XML = d—(e—LF) = LF+e (OA-3)
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In view of (7), we see that H*"!(z) < H*(z) for all z < X*+1; in addition, H*+'(z) < H*(z) for
all z < X**1 such that H*(z) > 0. Therefore, LF*1 > L* by (5).

Recall that H*(Xk+1_) .= lim,, g et H*(x) denotes the left limit of H* at X**+1. Consider any
integer j > kflk(XkH—)/’y. Then one of two cases must hold: either there is an integer k' < j
such that L¥ > ¢, or L' € [0,c] for all i < j. In the latter case, choose ¥’ = j, and note that
HI(XFH ) = kHF(X*+12)/j < 5, and thus L7 := (H7)~(y) > X**! = L* + ¢, In summary, ¥’
is such that LF > ¢ or LF > Lk 4 e.

Next, note that if L¥ > ¢, then X**! = d. An argument similar to that used above shows that
there exists a k° > k such that L*° = d. Note that at the first time &’ such that LF' > ¢, it still
holds that L* < d, because X* < d and thus H*(d) = 1 for all k, and hence L¥ < L*¥+! also when
L* > ¢. For the same reason, given that L** = d then L* = d for all k > k°, which is the second

assertion of the proposition. O

OA—2 Proof of Proposition 17

Lemma OA-1. Consider the metric space (P(R),\) of probability distributions on R endowed
with the Lévy metric A, defined as follows for F, H € P(R):

MF,H) = inf{e>0: F(x—¢)—e<H(x) < F(r+¢e)+ecVzxeR}

Let N denote the natural numbers, and let Q denote the rational numbers. Then for any F,H €

P(R) and any r > 0, A\(F, H) < r if and only if there exists m € N such that
Flx—r+1/m)—r+1/m < H(z) < Fl@+r—1/m)+r—1/m

for all x € Q.

Proof. First, suppose that A(F, H) < r. Then there exists m € N such that A\(F, H) <r —1/m,
and it follows from F' being nondecreasing that F(z —r +1/m) —r+1/m < H(z) < F(x +r —
1/m) +r —1/m for all z € R, and thus for all z € Q.

Next, suppose that there exists an m € N such that F(z —r +1/m) —r + 1/m < H(x) <
F(x+r—1/m)+r—1/m for all z € Q. Consider any x € R, and a sequence {z"} C Q such that
" | . Then F(2"—r+1/m)—r+1/m < H(z") < F(z"+r—1/m)+r—1/m for all n. It follows from
the right continuity of F' and H that F(z—r+1/m)—r+1/m < H(z) < F(x+r—1/m)+r—1/m.
Hence N(F,H) :=inf{e >0 : F(x —e)—e < H(zx) < F(z+¢e)+eVazeR} <r—1/m<r. 0O

Proposition 17. Let B denote the Borel o-algebra on R. Consider the space (P(R),B) of proba-
bility distributions on R, endowed with the Borel o-algebra B corresponding to the topology of weak
convergence on P(R). Consider a measurable space (Q, F). Let {H* : Q — P(R)} be a sequence of

(F, B)-measurable functions.
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(i) Consider a probability space (Q, F,P) and a filtration {F*}. Consider a random sequence
{Y*Y adapted to filtration {F*}, where Y¥ : Q — R. Let F¥ : Q — P(R) be given by
FF(w,z) :=PY ! < x| F¥), that is, F* is the conditional distribution of Y*T1. Then F* is
(F*, B)-measurable.

(i) The set Q* := {w € Q : H¥(w,-) converges weakly as k — oo} is in F.

(iii) Let * :={w € Q : H*(w,-) converges weakly as k — oo}, and let F* = {A€ F : AcC Q*}.
For each w € Q*, let H*(w, ) denote the weak limit of {H*(w,-)}. Then F* is a c-algebra on
Q. In addition, H* is (F*,B)-measurable, and thus H* is also (F,B)-measurable.

(iv) For any (F,B)-measurable F : Q — P(R), the set {w €0 : Hw,) 5 F(w, )} is in F.

(v) Let F : Q — P(R) be an (F,B)-measurable function. For any x € R, let f, : Q — R be
defined as fry(w) := F(w,z). Then, fy is (F, B)-measurable. That is, fy is a real-valued

random variable.

Proof.

(i) Fix k. For each x € R, define the function 7, : P(R) — R by 7,(F) := F(z). Consider
7z 0 F¥: Q1 R. Note that 7,(FF(w,-)) = F¥(w, ) := P[Y*! < 2| F¥], and thus m, o F* is
(F*, B)-measurable.

Convergence in the Lévy metric A, defined in Lemma OA-1, is equivalent to weak convergence
of elements of P(R). Moreover, the space P(R), endowed with the Lévy metric A, is complete
and separable. For any F' € P(R) and r > 0, let B(F,r) :={H € P(R) : A(F,H) < r} denote
the ball with center F' and radius r in (P(R), A). Since (P(R), \) is separable, its Borel sigma
algebra B is generated by the countable collection of open balls { B(F,1/m): F € D,m € N},
where D is a countable, dense subset of P(R). Therefore, to prove that F* is (F*,B)-
measurable, it suffices to show that (F*)~1(B(F,r)) € F* for all F € P(R) and r > 0.

Consider any F' € P(R) and r > 0. For any m € N and z € R, let 4, , = (F(x —r +
1/m)—r+1/m,F(z+r—1/m)+r —1/m). It follows from Lemma OA-1 that B(F,r) =
UmeN Neeg Ty (Am,a)-
Thus, for any B(F,r),

(FHHBEN) = EHH U N7 (Ane)



Recall that 7, o F¥ is (F*, B)-measurable. Thus (m, o F*)"1(A,,,) € F* and hence
(F*)~Y(B(F,r)) € F*.

(ii) Completeness of (P(R), A) implies that
{weq: klim FFw,) exists} = {weQ: {FF(w, )} is Cauchy }. (OA-4)
The event on the right above can be expressed as

AU N N {we: MF(w ) Flw) <1/m} (OA-5)
m>1 n>1 {izizn} {j:j>n}
Separability of (P(R),)) implies that the mappings AY : Q +— R defined by A¥(w) :=
AMF'(w,-), F/(w,-)) are all (F, B)-measurable (Billingsley, 1968, p.25). Hence {w € Q :
MF(w,-), F/(w,)) < 1/m} € F for all i, j, m, and therefore the set in (OA-5) is in F.

(iii) It is easy to verify that F* is a o-algebra on Q*. It follows from Dudley (2002), Theorem 4.2.2,
that F™* is (F*, B)-measurable. It follows immediately that F* is also (F, B)-measurable.

(iv) As before, separability of (P(R), \) implies that the mappings A* : Q +— R defined by A¥(w) :=
MF*(w,), F(w,-)) are all (F, B)-measurable, and therefore so is lim sup,,_,,, A*. Since
{w eQ: Frw, )2 F(w,-)} = {w € Q : limsup A¥(w) = 0},
k—o0

and since the set on the right is in F, it follows that the set on the left is in F as well.

(v) We follow closely an argument in Billingsley (1968), p.121. For each z € R, define the function

7z P(R) — R by m,(F) := F(z). For each ¢ > 0, define the function 75 : P(R) — R by

7 (F) :=¢e ! ffﬁ F(u)du. We first show that 7¢ is continuous on P(R) and thus measurable.
Consider any sequence { H*} C P(R) such that H* % H. Tt follows from a characterization
of weak convergence of distribution functions on R that H*(u) — H(u) for all u except on
a countable set (the set of discontinuities of H). Since H¥(u) < 1 for all u, it follows by
the bounded convergence theorem that [*7° H*(u)du — [**° H(u)du, and thus 75 (H*) —
75 (H). Hence, 7¢ is continuous and thus measurable. Next, since H is right-continuous, it
follows that 7, (H) = lim. o 75 (H) = limy,—oo /™ (H). Thus 7, is the limit of a sequence of
measurable functions and therefore is (B, B)-measurable. It follows from the definition of m,

that f,(w) = mx(F(w,-)). Therefore, f, is (F, B)-measurable. O

OA—-3 Supporting Material for Proposition 3

Below, we use some notation from Section OA-2: A is the Lévy metric on P(R), B is the Borel
o-algebra on R, and B(h,r) is the ball of radius r about h € P(R).
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Lemma OA-2. Let ¢ : R— P(R) be given by

Y(y) = D>y (OA-6)

Then the mapping ¢ is (B, B)-measurable.

Proof. For any h € P(R) and y € R we have

hiz—e)—e<0<h forallz : z < d
Mh(y) = infle>o0 : (x—e)—e<0<h(z+e)+eforallz : x <yan
h(r—¢e)—e<1<h(x+e)+eforallx : x>y
—¢g)<eforall z :

C imfleso0 h(z —e) <eforallxz : x <y and
hr+e)>1—cforallz : x>y

= inf{e >0 : li%nh(a:—a)geand hy+e)>1—¢} (OA-T)
aly

The space (P(R), ) is separable with countable base given by {B(h,r) : h € D,r € Q}, where D
is a countable dense subset of P(R). Hence, to show the (B, B)-measurability of 1, it suffices to
show that ¢~Y(B(h,r)) € B for all h and 7.

To this end, for h € P(R) and € > 0, define w}he, w?w Yne : R— R by

Whew) = e limh(e o), (0a 8)
Vhe(y) = hly+e)—1+e, (OA-9)
wh,e(y) = min{wllz,s(y%wl%,s(y)} (OA?lO)

The functions in (OA-8)-(OA-10) above are (B, B)-measurable because h € P(R). Moreover,
by (OA-7) and (OA-8)—(OA-10), we have

YN (B(h,1))

lyeR : Ah,¥(y)) <7}

= {yER : inf{e >0 : limh(az—e)Saandh(y+€)21—€}<r}

zly

= {yeR :inf{e >0 : ¢pe(y) 20} <r}
- U {yeR @ Yp,_1/m(y) > 0}

n:n-l<r
In view of the measurability of 1, .(-), all the sets in the union in the final expression are in B,

and hence the proof is complete. O

Lemma OA-3. Suppose that Hy,Hs : Q — P(R) are both (F, B)-measurable mappings and that
a € (0,1]. The mapping &a, 1,1, : 2 — P(R) given by

o0y Hy (W, x) = aHi(w,z)+(1—a)Hy(w,z), z€R (OA-11)

is (F,B)-measurable.

OA-5



Proof. Note that &, m, H, can be expressed as 6, o Ju, m, where Ju, m, : @ — P(R) x P(R) is
defined by Ju, m,(w) = (H1(w), H2(w)), and 0, : P(R) x P(R) — P(R) is defined by

Ou(h1,ho)(z) = ahi(z)+ (1 —a)he(x), z€R.

The mapping Jy, g, is (F, B x B)-measurable, where B x B is defined as the o-algebra generated
by sets of the form A; x Ay with Ay, Ao € B. So the lemma will be proved if we can show that 6,
is (B x B, B)-measurable.

For this, consider the metric space P(R) x P(R) with metric A* given by

)‘*((hlth)a( llthQ)) = max{/\(hhh,l)vA(hQ?h/Q)};

see Billingsley (1968), p.225. From the definitions of A\, \*, and 6, it follows that A*((h1, ha), (h], h)) >
A0 (h1, h2), 04 (hY, RY)). Therefore, 6, is continuous. That is, for any open (in the topology
metrized by ) set O C P(R), 0,

«

1(O) is an open set in the topology metrized by A*. The Borel
sigma algebra on (P(R) x P(R), A*) is precisely B x B (Billingsley, 1968, p.225), so the open sets
metrized by A\* are in B x B. Summarizing, the open sets metrized by A generate B, and the
inverse image of any such open set under 6, is in B x B. Hence, 0, is (B x B, B)-measurable, which

completes the proof. O

Proposition 18. Suppose that {Y* : Q — R} are (F, B)-measurable random variables. Then H*
defined in (12) is (F, B)-measurable for all k.

Proof. The proof is by induction. Let ¢ be as defined in (OA—6). Note that

k
Do) = o)+ A e

HE(

??'I*-‘

Lemma OA-2 and the assumptions on Y imply that ¥ o Y™ is (F, B)-measurable for each n. Hence
we immediately see that H' = oY1 is (F, B)-measurable. Suppose that the result holds for k£ —1.
With « =1/k, Hy = o Y*, and Hy = ﬁk_l, we see that

B@) = 6 g o), (0A12)

where &, p, H, is defined in (OA-11). The desired result now follows from (OA-12), the induction
hypothesis, and Lemma OA-3. O

Lemma OA-4. Consider a probability space (0, F,P), and a collection {A; : i € I} C F of
events, where I is a countable index set. Suppose that P[A;] > e >0 for all i € I, and that for any
n+ 1 distinct indices i1, ... ,iny1 € I, it holds that A;; N---NA;, ., =@. Then [I| <nje.
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Proof. Let {S; : j € J} C 2! denote the collection of all subsets of I such that 1 < |S;| < n for
all j € J. Note that J is countable. For all i € I,

A = U N4 4

{jeJ ieS;}i'eS; eSS

and the sets {Nyecg; Air Nirese AS ¢ j € J} are disjoint. Thus,

Pl4;] = P[4 (A = e >0

{jEJ:iGS]'} i'eS; i’ESJC-

Also,

Js = UNana

icl jeJies;  ieSs

and, as before, the sets {N;cs, A; Niese A¢ ¢ j e J} are disjoint. Thus,

YPIAN4] =PlUNAN4] = PlU4A| < 1
jed 1€S; iESJQ jeJi€S; iGSJ@ i€l
Also,
ZIP’ ﬂ A; ﬂ AS
jeJ  |ies;  iess
> inf¢> w0 > a;=P[A]Viel, >0V €]
Jje€J {jeJ:ieS;}
>inf{ T - Z xj>evViel, z; >0Vj¢e ]
jeJ {jeJ:ieS;}

= inf ¢ sup Z@%—Zyi €— Z zj| ryi=20Veiely : 2;>20V5€e]
jeJ iel {jeJ:ieS;}

v

inf Emj+2yi €— 2 zj| rx;>20Vjedy iy >20Viel
jeJ i€l {jeJ:i€8S;}

iel jeJ i€S,;

ey 0 Y wi<IVjiedy>0Viel
i€l 1€S;

sup{
sup{inf Zsyi—FZazj I—Zyi cx;>0Vyedy ry;>20Viel
Sup{

v

[Ile/n
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where the last inequality follows from the observation that y; = 1/n for all i € I satisfies ), s, Vi <
1forall j € J, because |S;| < nforall j € J. Combining the results above, it follows that |I|e/n < 1,
and thus |I| < n/e. O

Lemma 3. Consider a probability space (2, F,P), and the space (P(R),B) of probability distri-
butions on R endowed with the Borel o-algebra B corresponding to the topology of weak conver-
gence on P(R). Let F : Q — P(R)} be a (F,B)-measurable function. For each w € €, let
D(w) == {z € R : F(w,z) > F(w,x—)} denote the set of jump points of F(w,-). Then the set
{r € R : Pz € D(w)] > 0} is countable.

Proof. Foreachn € Nand z € R, let Q) :={w e Q : F(w,z) — F(w,z—) > 1/(n+1)}. Then
{weQ:zeDWw)} =UpenQy. Thus Plz € D(w)] = P [Upenf2}] < D en P[]

Consider any n + 1 distinct points x1,...,2,4+1 € R. Suppose that w € m?:ngi. Then
S F(w, 2) — F(w,—)] > (n 4 1)/(n+ 1) = 1. However, SM F(w, ;) — F(w,z—)] <
> zep(w)F(Ww, i) = F(w,2;—)] < 1, and thus ﬂ?illﬁgi = .

For each m,n € N, let D" := {z € R : P[Q}] > 1/m}. Then {z € R : Plz € D(w)] >
0} = UpmnenD™". We show by contradiction that each set D™" is finite. Suppose that D" is
infinite; if D™™ is uncountable, choose a countably infinite subset of D™ ™ and denote the subset
with D™™ as well. Consider the countably infinite collection of events {Q} : € D™"}. Recall
that for any n + 1 distinct points x1,... , 2,11 € R, ﬂ?jllﬁgi = . Also recall that P[Q2] > 1/m
for all x € D™™. Thus it follows from Lemma OA—4 that |[D™"| < mn. Hence each set D™" is
finite, and therefore {x € R : Plz € D(w)] > 0} = Uy, nenD™™ is countable. O

OA—4 Proof of Proposition 4

Proposition 4. Consider a family of distributions {H(m,-) : m € M C R}, wherem = [ zH (m, dx)
is the mean of H(m, ), M is closed, and H(m,-) is continuous in m with respect to the topology of
weak convergence. Suppose that {Y*} and {F*} as in Definition 1 satisfy F*(w,-) = H(U*(w), )
w.p.1, where UF := E[Y**1| F*]. Also suppose that SUPg>0 E[(Y*1)?2 | F¥ < Z w.p.1, for some
integrable random variable Z. Then {H*} in (13)~(14) is a good forecasting method for {Y*}.

Proof. Note initially that, since H is continuous in the first argument and M* is (F, B)-measurable,
it follows that H* is (F, B)-measurable for all k, i.e., H* is a random distribution function.
Let

n

Sto= Y (YR-URh).

k=1
Note that {S"} is a martingale with respect to {F"}, because E|S"| < oo and E[S"|F"71] =
E[y" —Un—t| Fr- + B[S | Frl = B[y | Frol — Ut 4 5771 = §7~L In addition, E[(Y* —

OA-8



It follows from a strong law of large numbers for martingales (Chow 1967) that lim, .. S™/n =0
w.p.1, that is, there is a set Q" C Q such that P[Q”] = 0 and lim,,—. S™(w)/n = 0 for allw € Q\ Q.
Since M™ := (1/n) Y_7_, Y*, it follows that

M™(w) — %Z Ul w) — 0 forallweQ\Q". (OA-13)
k=1

Let Q" := Ups1{w € Q : FF(w,-) # HU"w),)} U{w € Q : suppso E[(Y*1)? | F¥](w) >

Z(w)}, and observe that P[] = 0. Then, for all w € Q*\ Q" H(U*(w),-) = F¥(w,-) = F*(w,-).

In addition, for such w, supgsg [ 22 F*(w,dz) < Z(w), and hence by Theorem 4.5.2 of Chung (1974),

UF(w) = /:UH(Uk(w),dx) = /ka(w,d:L‘) — /:L‘F*(w,dx) = U(w) forallweQ*\Q".
(OA-14)

Therefore, for all w € Q* \ Q" it holds that F*(w, ) = H(U(w), ), because H(m,-) is continuous
in m.

Let Q' = Q"UQ”, and observe that P[Q'] = 0. Then M*(w) — U(w) for all w € Q*\
by (OA-13) and (OA-14). Again using the continuity of H(m,-) in m, it follows that H*(w,-) :=
H(MFw),) % HU(W),") = F*(w,-) for all w € Q* \ €, which proves that {H*} is a good
forecasting method for {Y*}. O

OA-5 Remark Regarding Proposition 5

We briefly explain the difficulties in obtaining results for cases not covered by the proposition.

In the 3 < 1 case, note that f7 > 1 for all j. Thus, if & > 0, then g* > Zf:m «/j and hence
gF — ooask — oco. If @ < 0, then ¢F < Z?Zmoz/j and hence g¥ — —o0o as k — oo. Thus, if a # 0,
then even if we use the martingale convergence theorem to establish that, w.p.1, f*LF — g¥ — A,
where A is a finite random variable, it does not establish the asymptotic behavior of L*.

Next consider the case with 3 > 1. Note that i/(i — 1 + 3) € (0,1) for all 4, so f* € (0,1)
for all k. Let a; :== /(i — 1+ ). Then Y 2;(1 —a;) = > 2,(8—-1)/(i =1+ ) = co. Thus

OA-9



fh= Hle a; — 0 as k — oco. Next, consider

o B _
log(f*) = ;bg(—i—l—i—ﬁ) = ZIOg<1+77L—1+,B)
k

1_5 k+1 1
< SiThp < U0 o

i=1

= —(8—1)[log(k + ) — log(B)]
8\
(c5) ]

5\
It follows that f* < <—ﬂ> and hence

= log

k

LS 1/ 8 \*! > 1 p-1
-2 = i) <) <

In addition {¢g*} is non-decreasing, and thus g* — g as k — oo, where |g| < oo. Therefore, if
supg E|fFLF — g*| < 0o, then w.p.1, fFL¥ —g¥ — A as k — oo, where A is a finite random variable.
Then f*L* — B as k — 0o, where B is a finite random variable. Recall that f* (0,1) for all &,
and f*¥ — 0 as k — oo. Thus, if B(w) < 0, then L*(w) — —oo; and if B(w) > 0, then L*(w) — oo.

However, if B(w) = 0, then we need more information to determine the asymptotic behavior of L*.

OA-6 Proof of Lemma 4

Lemma 4. Consider a sequence of distribution functions {F*} C P(R) such that F¥ % F € P(R).
For v € (0,1), let [¢*, Q] := (F*)~l(y), that is, [¢*,QF] denotes the set of y-quantiles of F*
[cf. (2)], and let [q,Q] := F~Y(y). Then, q < liminfy_,o ¢* < limsup,_,., Q¥ < Q. That is, for
any sequence {€*} of y-quantiles of F*, d(¢*, F~1(y)) — 0 as k — oco.

Proof. Consider any ¢’ < q. We show that for all k sufficiently large, ¢* > ¢’. Let ¢* € (¢, q)
be a continuity point of F. Then F(q*) < v, and F*(¢*) — F(q*) as k — oo, and thus for all
k sufficiently large, F¥(q') < F¥(¢*) < . Hence ¢’ < ¢* for all k sufficiently large, and thus
q < liminfy_ . ¢*. It follows by a similar argument that limsup,_,., Q* < Q. O

OA-7 More on Stochastic Approximation

In this section we show that, under appropriate assumptions, if the distribution of the observed
quantity depends on the protection level and if L¥ is updated according to (36), then G(L¥, L¥)
converges to . It follows that if L* converges then it converges to a random variable L* that
satisfies P(L* € G~!(L*,~)) = 1. In this section we assume that G(£,z) = 0 for all x < 0 and all
¢ € R, and therefore X* >0 w.p.1.

0A-10



The following result on the convergence of stochastic approximation iterations is given in Propo-
sition 4.1 of Bertsekas and Tsitsiklis (1996).

Proposition OA-1. Consider the random sequences {S*}32, and {L*}3°, in R™ that satisfy
LR = LF 4 &8+ where {& 132 is a deterministic nonnegative step size sequence that satisfies
Y ore ok =00 and > 7, f}% < 00. Let F* denote the o-algebra generated by S*,... ,S* L0, ... L*.

Consider a function V : R™ — R, with the following properties:
1. VV is Lipschitz continuous on R™.

2. There is a constant ¢ > 0 such that, w.p.1,
~VVIHTESTH A = VY (LY
for all k.
3. There exist constants K1, Ko > 0 such that, w.p.1,
E[|S"*| 7] < Ky + Ko VV(LY)|P?
for all k.
Then the following hold w.p.1:
1. V(L¥) converges to a random variable V* as k — oo.
2. VV(L*) = 0 as k — oo.
3. Bvery limit point L* of {L*} satisfies VV (L*) = 0.

Next we construct a potential function V' to study the convergence of (36). Note that by the
assumptions we make on G in this section, we have that F'(¢) = G(¢,¢) = 0 if £ < 0. We also make

the following assumption:

AssuMPTION (B2) The function F' is Lipschitz continuous, i.e., there exists an M > 0 such that
|F(€1) — F(€2)| < M|£1 — f2| for all El,fg e R.

This essentially says that the rate of change of G(¢,¢) with respect to ¢ is bounded for all /.

Assumption (B2) is satisfied, for instance, if
GU,z) = 1—e /™0 >0, (OA-15)

for £ > 0, and G(¢,-) = G(0, -) for £ < 0, i.e., negative protection levels have the same effect as £ = 0.
Here m(¢) > 0 for all £ > 0 and r(¢) := ¢/m(¥) is Lipschitz continuous on [0, c0). Indeed, note that
if /1,05 < 0 then ’F(ﬁl) — F(ﬁg)’ =0, and if /1 < 0 < ¥ then |F(€1) — F(gg)’ = ’F(O) — F(eg)’, SO
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it suffices to check that F' is Lipschitz continuous on [0, 00), which is indeed the case, because for
(1,05 >0, we have |F(f1) — F(fy)| = |e7"(2) — =m0 < |r(fy) — r(£1)] since 7(£1),7(f2) > 0.

One choice for m(¢) that satisfies the above conditions is
m(l) = ay — age %" (OA-16)

where a1 > as > 0 and ag > 0. If the observed quantity X has distribution specified by (OA-15)—
(OA-16), then it has properties that so-called “unconstrained demand” for high-price tickets could
reasonably be expected to have (it is immaterial how this unconstraining is done — it only matters
that it results in X). For instance, m(¢) increases in ¢ and approaches a constant as ¢ — oo, which
is an appealing property since one would not expect the mean demand to grow unboundedly with
increasing protection levels.

To see that (OA—16) makes r Lipschitz continuous, note that

ay — aze” " — (azaze™ %) 1 {(agaze™%)

/
g p—
(0l (a1 — age—as8t)2 a] — age— st (a1 — age—a3t)2
1 ’E(agage_%’e) 1 ase!
al — ag (a1 — a2)2 al — ag (a1 — a2)2 '

—as/t

The final expression follows from the fact that le is maximized over [0,00) at £ = 1/as.

At this point we need the following assumption:
AssuMPTION (B3) The quantity v := mingeg f(ﬁF(s) — ] ds is finite.

When ¢ < 0, we interpret the integral in the above expression for v as — feo. Thus, for any
¢ <0, foe[F(s) —]ds = — fZO[F(s) —v]ds = — fKO[O — v]ds = —¢~v > 0. Hence, Assumption (B3)
holds, for example, if there exists an ¢y > 0 such that F'(¢) > ~ for all £ > ¢y,. For instance,
this is the case when (OA-15)—(OA-16) specify the distribution of the observed quantity, since
F0) >~v< In(1—7) > —r{) & —m(f)In(1l — v) < ¢, which does indeed hold for ¢ sufficiently
large. Under the assumptions of van Ryzin and McGill (2000), Assumptions (B2) and (B3) hold.
Specifically, Assumption (B3) holds since it is always the case that F'(£) > ~ for all ¢ large enough
when G does not depend on /.
Consider the function V' : R +— Ry defined by

VD) = /0 () Alds — v (OA-17)
Next we verify that V satisfies the conditions in Proposition OA—1. Note that V'(¢) = F(¢) — 7.
1. V' is Lipschitz continuous, since by Assumption (B2) F is Lipschitz continuous.
2. Note from (36) that S¥*' =~ — T yir1<zry. Thus
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3. Note that S¥*! € (—1,1) w.p.1, and thus there exist constants K7, K5 > 0 such that

E[(S")?|F] < Ki+ Ka[V/(L))?

Recall that the stepsizes & satisfy >, & = oo and ), 5,3 < 00, and thus we obtain the conclusions
of Proposition OA—1. Specifically, we have the following.

Proposition OA—-2. Suppose that Assumptions (B2) and (B3) hold and that the protection levels
are updated according to (36). Then G(L*, L*) — v w.p.1, and every limit point L* of {L*} satisfies
G(L*,L*) =+, that is, L* € G~Y(L*,~).

Note that Propositions 8 and 9 require the existence of a deterministic quantity £* that satisfies
assumption 3 in Proposition 8 or Assumption (B1) respectively, and that convergence of LF to this

deterministic quantity £* is then established. In contrast, Propositions OA—1 and OA-2 do not

require the existence of such a deterministic quantity, and do not establish convergence of L.

OA—-8 Proofs for Stochastic Comparisons and Pathwise Comparisons

Lemma OA-5. For any two P(R)-valued random elements Hy ~ Py and Hy ~ Ps, Hy =<4 Hs
implies that P1[Hy(z) > o] > Po[Ha(x) > o] for all z,a € R.

Proof. Fix any z,a € R, and let f : P(R) — R be given by f(h) := —Ifj(y)>q). Clearly f is
bounded, and it follows from the characterization of <y that f is nondecreasing. Moreover, by the
argument in the proof of Proposition 17(v) we have that f is measurable.

Consider any two P(R)-valued random elements H; =g Hs. Then it follows that
Pi[Hi(z) > o] = —-Epl[f(H1)] > -Epl[f(H2)] = R[Hs(x) >l
O

To simplify the exposition below, suppose that L¥ and L* are chosen to be the smallest elements

of the set of y-quantiles of H* and ﬁk respectively, that is, L*¥ = min {x eR : ﬁk(x) > 7} and
L* = min {m eR : ﬂk(x) > fy}.

Lemma OA—6. Suppose that G(¢,-) <g G(¢,-) for all £ < ¢, and that the empirical distribution
is used for both H and H, that is H*(z) := k1 Z?:l [{xi<ay and Ek(a}) =K1 Z?Zl Lixicyy- If
Ek jst -Hk7 then



~ k
Proof. Suppose {H ,L* X*} is defined on probability space (2, F,P), and let E denote expec-
tation with respect to P. Suppose E g =st H*. Then it follows from Lemma OA-5 that for all
z € R,

That is, LF <y L*. By assumption, G(L, ) <4 G(¢,-) for all £ < ¢, and thus it follows easily from
Kamae et al. (1977), Theorem 1 [in particular, the equivalence of (i) and (iv)], that G(L*,-) <
G(LF,.). For h € P(R), define £(h) = min{z € R : h(x) > v}. Then £(h) < £(h) for all h < h.
Hence, for h <4 h it holds that

PIX*' <alH" =h = G(b),2) > G(h),2) = PX*! <alfl* =h].

Since Ek =st ﬁk, it now follows from Proposition 1 of Kamae et al. (1977) that XFL < XktL
and (Kk"'l,ﬁk) = (Xk“,f[k) where < denotes the usual stochastic order with the coordinate-
wise partial ordering on R x P(R) — see page 901 of Kamae et al. (1977). Note that ﬂkH =
nk(ik“,ﬂk) and H* = (X5 H*) where ny, : R x P(R) — P(R) is defined by

k 1

W)= A e

and observe that 7 is increasing on R x P(R); i.e., ni(z, h) <g n(z,h) when z < x and h <y h. It
follows that for bounded increasing f : P(R) — R,

~ k41

EfE™) = El(fom)XML Y < E[(fom) (XML N = E[f(HFY),

where the inequality follows from the fact that f o7 is bounded and increasing on R x P(R) and
(XFHHY) < (XFHHF). Hence, H' T =g HFL. 0

Proposition 12 follows from Lemma OA—6.

Proposition 12 (Stochastic comparison with empirical distributions). Suppose G(¢,-) <g

G(l,-) for all £ < ¢, and the empirical distribution is used for both H and H, that is, H*(x) :=
~ k

kY Tixicny and H (z) =k 320 Tiyioyy. If L0 < LO, then

G(L*,-) =« G(LF))
Xk+1 <t Xk-i—l
g o<, g

Lk+1 gst Lk‘+1

forallk=0,1,....
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Proposition 13 (Stochastic comparison with affine updates). Suppose that p : R — R
satisfies p(€) < € for all L. Suppose that G(£,-) = G(p(L),-), and that G(L,-) <s G(¢,-) for
all £ < 0. Suppose that H* = G(M*,-) and ﬂk = G(M*,.), where M* = k1 2?21 X7 and
MF=k7tYh X9 IFLO < IO, then

G(LF,) =4 G(L*,) (OA-18)
XF < XFH (OA-19)
MM <y M (OA-20)
a7 o<y B (OA-21)
L <y LF (OA-22)

forallk=0,1,....

Proof. The proof is by induction; (OA-18)-(OA-22) hold for £k = 0. For the inductive step,
suppose that (OA-18)—(OA-22) hold for k—1 and consider a general k. Since L* < L*, Theorem 1
of Kamae et al. (1977) implies that p(L*) <¢ L* and G(u(LF), ) =s G(LF,-). Hence, G(LF,) <
G(L*,.). For m < m, we have

P(XkJrl < x‘Mk = m) = G(Z(G(m7>)7 1’) > G(K(G(m, ))7 .iL') - P(XkJrl < m‘Mk = m)’

where ¢(h) = min{z € R : h(x) > v} for h € P(R). Proposition 1 of Kamae et al. (1977) implies
that X*! <, X*+1 and (X, MF) < (X*+1, M*), where < here denotes the usual stochastic
order on R2. Observe that M*+1 = o (X*+1, M*) and M*+ = ¢ (X*1, M*) where

( ) = k N 1

op(z,m) = k+1m k+1az.

It follows that M+ < M**1 and hence EkH < HFHL. Finally, E[Lk“ <zl = E[EkH (x) >
] > P[H* Y (2) > 4] = P[LFT! < 1], so L1 < LA+, O

Proposition 14 (Pathwise comparison). Consider any w € Q such that, for any k, LF(w) <
L¥(w) implies that X*1(w) < X*+1(w). Suppose that the forecasting method used in both sequences
satisfies the following condition for all k: If (X'(w),..., X w)) < (XY (w),...,X*w)), then
H" (0, ) <o B¥w,"). If LO(w) < LOw), then

forallk=1,2,....
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Proof. The result follows from induction on k. O

References

Bertsekas, D. P., J. N. Tsitsiklis. 1996. Neuro-Dynamic Programming. Athena Scientific, Belmont,
MA.

Billingsley, P. 1968. Convergence of Probability Measures. John Wiley & Sons, New York.

Chow, Y. S. 1967. On a strong law of large numbers for martingales. Ann. Math. Statist. 38(2)
610.

Chung, K. L. 1974. A Course in Probability Theory. 2nd ed. Academic Press, New York.
Dudley, R. M. 2002. Real Analysis and Probability. Cambridge Univ. Press, Cambridge, UK.

Kamae, T., U. Krengel, G. L. O’Brien. 1977. Stochastic inequalities on partially ordered spaces.
Ann. Probab. 5(6) 899-912.

van Ryzin, G., J. McGill. 2000. Revenue management without forecasting or optimization: An
adaptive algorithm for determining airline seat protection levels. Management Sci. 46(6) 760
775.

OA-16



